Abstract: Helical structures are prevalent in biology. In the PDB, there are many examples where protein molecules are helically arranged, not only according to strict crystallographic screw axes but also according to approximate noncrystallographic screws. The preponderance of such screws is rather striking as helical arrangements in crystals must preserve an integer number of subunits per turn, while intuition and simple packing arguments would seem to favor fractional helices. The article provides insights into such questions, based on stereochemistry, trigonometry, and topology, and illustrates the findings with concrete PDB structures. Updated statistics of Sohncke space groups in the PDB are also presented.
Introduction
Helical structures are prevalent in biology. The rule governing their formation resembles that of crystallographic screw axes, without the limitation to 2-, 3-, 4-, and 6-fold rotation. For example, a single strand of the B-DNA double helix can be short-handed as 10 1 right-handed screw. Another possible relaxation of the rigor of crystallographic screw axes regards the integral character of the helical operation; there does not appear to be any a priori topological requirement why a complete turn of a helical structure should contain a whole (integral) number of units (u) (molecules, residues, etc.). Indeed, the ahelix, the most abundant helical structure found in proteins, has 3.6 residues per turn (corresponding to 1008 rotation per residue). However, the a-helix (with the possible addition of the p-helix, with 4.4 residues per turn) seems to be an exception among biological helices: the protein 3 10 helix (the subscript in protein helix notation counts the number of atoms in a H-bonded cycle, not the screw's translation component!) has almost exactly 3 residues per turn, and all the canonical DNA double helices are also (exactly, or nearly) integral: A 11, B 10, and Z 12. The stereotype of integral u is also psychologically deeply rooted in our perception of helices. For example, Max Perutz relates a humorous situation from the MRC laboratory from the times of the fierce race to elucidate the helical structure of proteins: Sir Lawrence Bragg kept making possible models by hammering nails-always an integer number per turn-into a broomstick. 2, 3 The competition was won by Linus Pauling who realized that u did not need to be an integer. 4 When the psychological prejudice is put aside, it is actually quite puzzling, considering all the strict constraints of a covalent structure, why the DNA (and A-RNA) double helices preserve an integer number of nucleotides per turn and, moreover, in all three different types of helices. However, apart from covalent helices, helical structures are also possible in intermolecular context, as a result of protein aggregation. Such an aggregation is not only a theoretical possibility, but is realized in countless examples in protein crystal structures with crystallographic screw axes, for example, P4 3 . Also, microscopic observations of amyloid fibers (in which identical protein molecules are tightly aggregated in a highly specific manner) reveal a helical twist, whose molecular basis is attributed to cross-b helical spine motifs. 5, 6 Another situation where protein molecules arrange themselves spontaneously into helical structures is found in the capsids of helical viruses.
Noncrystallographic Screw Axes in Protein Crystals
If we restrict our considerations to macromolecular crystal structures, we are struck by the preponderance of helical packing, and by the prevalence of space groups with crystallographic screw axes over symmorphic space groups (without translational symmetry elements), a syndrome that is addressed in a section below.
We have analyzed the contents of the Protein Data Bank 7 from the point of view of the presence of noncrystallographic helical protein aggregation and found many examples of such screw axes (Table I) . The search for PDB structures with noncrystallographic screw axes was conducted using the following procedure. First, using the Linux "grep" command, a list of CRYST1 records from all PDB coordinate files (current on Aug 7, 2017) was prepared, with information about the PDB Id code, cell dimensions, symmetry, and number of molecules in the unit cell. Only structures with multiple molecules in the asymmetric unit (ASU) were included. Next, a small FORTRAN program accessed each of the listed coordinate files, and for each independent protein molecule with more than 20 residues in the polypeptide chain, calculated the center of gravity, Cog, of all the Ca atoms. In all following calculations, molecules were represented by their Cog points. The Cog points were transformed to fractional coordinates and moved to fill all equivalent positions in the standard unit cell. In the next step, these points were projected onto lines parallel to the following crystallographic directions: the three axial directions ( 9 it often leads to molecular packing with apparent symmetry that is higher than the true crystal symmetry.
Of course, these noncrystallographic screw axes are to various extent approximate, as evidenced by the root-mean-square deviation (rmsd) values listed in Table I . These screw axes are of different types and occur in diverse space groups. All of them have, by necessity, an integer number of units per full turn, a constraint resulting from the periodicity of the crystal lattice. Some examples of these helices are illustrated in Figure 1 .
Several of the helices included in Table I are built from symmetric dimers and, as a consequence, they possess twofold symmetry axes perpendicular to the main helix axis, passing through each dimer and between each pair of consecutive dimers. In such cases, by analogy with the Hermann-Mauguin Figure 1 . Examples of noncrystallographic helices in the PDB protein crystal structures, selected from Table I , shown in A-D down (left) and across (right) the helix axis (marked); and the corresponding plots of the self-rotation Patterson functions (E-H) calculated for these structures. In the stereographic projections of the self-rotation function, x (inclination, from 08 in the center to 908 at the perimeter) and / (azimuth, marked on the perimeter) define the orientation of a rotation axis with unit rotation j. (H-M) notation* used in crystallography, 10 the symmetries of the helices are of the type N x 2 or N x 22 (for N odd or even, respectively). Some of these twofold axes belong to the crystallographic symmetry elements of the corresponding space group, but in most cases they are only local, that is, approximate. In several cases, the helices are located on a crystallographic screw axis of lower order, since, for example, the 10 3 and 10 9 axes include the 2 1 screw as their fivefold repetitions, similarly to the relation between the 15 2 and 3 2 screw axes.
Description of a Discrete Helix
An idealized discrete helix can be expressed by a set of points, each representing the repeating structural unit of such a screw arrangement. These points may be taken as the centers of gravity of each molecule, or as any single, equivalent atom in each molecule. Connected by line segments, such points A-B-C-D-. . . form a regular (i.e., of repeating geometry) polygonal chain. The locations of such points may be represented in terms of their Cartesian coordinates (x i , y i , z i ) with respect to some adopted origin. Alternatively, they can be expressed as cylindrical coordinates (r, u, h) in relation to the helix axis (we term them external coordinates), or in terms of the internal geometry of the polygonal chain as (d, a, s) (termed here internal coordinates), as explained in Figure 2 . The symbols in the external coordinates represent the helix radius (r), unit rotation (u), and rise per unit (h), while in the internal coordinates they are the segment length (d; e.g., A-B), intersegment angle (a; e.g., A-B-C) and the torsion angle formed by four consecutive points (s; e.g., A-B-C-D). The relations between these different types of coordinates are explained in the Supporting Information.
To define the exact shape of a helix, one needs to provide all three internal or external coordinates, whereas only two parameters (internal angles a and s, or u and h/r in the external description) are necessary to define its relative shape, with d and r acting as scale factors. The interdependence between a, s, and the helix type is illustrated in Figure 3 . Each red curve in this figure represents different combinations of a and s for integer values of u from 2 to 11. The points at s 5 08 correspond to planar, cyclic polygons. For u 5 2, the whole vertical line at a 5 08 represents a dimer and the horizontal line at s 5 1808 represents zig-zag arrangements along the 2 1 axis. In addition, the dashed black curve corresponds to the fractional value of u 5 3.6, characteristic of the a-helix in proteins.
The colored points illustrate various helices observed in biology. The magenta and cyan dots correspond to the canonical A and B-DNA forms, respectively, based on the positions of the phosphorus atom of each residue, with helical parameters taken from ref. Figure 2 . A fragment of a discrete helix (polygonal chain) with the external (r, u, h) and internal (d, a, s) parameters indicated. Figure 3 . Interdependence of the internal angles a and s (8) for helices with the same number of unites per one complete turn, with u 5 3608/u. The curves correspond to integer values of u from 2 to 11, except for the dashed black curve for u 5 3.6, which corresponds to the a-helix. See text for a detailed description.
*In H-M notation, X n denotes the screw axis of order X that couples its positive unit rotation of 3608/X with a translation of n/X of the period along the screw 1direction. For n/X < 1/2, the screw is right-handed. For n/X > 1/2, the screw is lefthanded as it can be presented using a shorter (complement) translation of (1 2 n)/X and negative rotation of 23608/X. For n/ X 5 1/2, the screw axis is neutral.
addition, the black dot corresponds to the 3 10 helix idealized with the backbone angles of u 5 2498 and u 5 2248 that has the u value very close to 3. The diagram reveals that the angular ranges available for the a and s angles shrink as u grows. One would naively think that with increased u, there is more freedom for adjustment and the angular ranges should expand. This is not the case. For example, for u 5 3, both angles have 1208 range (e.g., a can be between 608 and 1808), while for u 5 11, this range is only 3608/11 338.
General Considerations
If a molecule has two sites, A and B, and these two sites can bind to each other, the most general way of propagated, repetitive aggregation is to form a helix. The shape of such a helix depends on the mutual disposition of these two sites on the molecule surface. It can be a proper helix, or some degenerated special cases; for instance, a "helix" with the pitch of zero that closes to a symmetric cyclic oligomer, instead of an infinite run-away polymer. If the two sites are too close to each other on the surface of a given subunit, a helix may not be possible, because the first docked partner (say at site A) would obstruct the docking of another subunit (at site B) at the principal protomer.
The point of interest in this article is that in practice, all such helices (real helices and trivial cyclic oligomers) found in protein crystal structures have an integer number of steps (subunits) per one turn, u. This is obvious in the case of crystals with crystallographic screw axes, but is also true for crystals with noncrystallographic, approximate screw axes as a requirement imposed by the periodic character of the crystal lattice.
This issue of "conservation of integer u" raises very interesting questions. For example, what causes the molecules to form so symmetric aggregates in crystals? In fact, they also occur in solution, where most oligomers are symmetric. To form a cyclic oligomer, all molecules must have one vector exactly parallel and they must be rotated around this vector by exactly 3608/u. Similar reasoning applies to helical arrangements of molecules in crystals. This seems to be a very special requirement, demanding also very special mutual disposition of sites A and B at the surface of the aggregating molecules.
Is this a result of evolution? In crystals, the molecules may be "forced" to modify (i.e., to make symmetrically perfect) their mutual connections by the requirement of periodicity, but can the same apply to symmetric oligomers in solution?
In tightly wound helical arrangements of roughly spherical objects (molecules), the closest packing is achieved when the subunits from the upper coil fit into gaps between molecules 2) , that is, with the number of units per turn falling between two integer numbers (n). In a superposition of two flat n-membered rings (necklaces) of spheres, f would be exactly 1/2. However, in a true helical arrangement, when the subunits are rising as they coil, the distance of a given subunit in the upper coil to the two subunits forming the gap immediately below, say, j and j 1 1, is not the same: it is longer for j. Therefore, the closest packing of the upper-coil sphere would not be at n 1 1/2, but at n 1 f, where f < 1/2. Real (nonspherical) molecules might adopt, of course, a different fractional component f. This is indeed observed in the helical virus capsids of TMV (with u 5 16 1/3) and the measles virus (u 5 12 1/3), see next section. On the contrary, forming screw axes with exactly integer u would appear to be about the worst scenario for tight helical packing. This makes the prevalence of integral helices in protein aggregates, as observed in this article, even more puzzling. We are forced to accept that the packing index in such arrangements is not the most optimal one. However, one has to remember that the protein. . .protein contacts in such helical aggregates will be invariably mediated by water molecules, which may mitigate the conditions derived from pure geometry.
It is instructive to consider the case of X n screws with different values of n. For screw axes with n 5 1 or n 5 X -1, the helical arrangement of points or molecules is simple, with a single thread as in the mechanical screw or the spiral staircase with one full helix turn corresponding to one translational period of the lattice. Of course, for n 5 1, the screw is right-handed and for n 5 X -1, it is left-handed. If the value of n is not 1 or X 2 1, the situation is more complicated. The molecules are then arranged into n 0 5 min(n, X 2 n) intertwined right-(when n/ X < 1/2) or left-handed (when n/X > 1/2) threads as illustrated in Figure 4 for the 5 2 and 9 3 screw axes. Each of the individual threads (marked in Fig. 4 in different colors) turns fully after n 0 periods, but the presence of all the threads makes the whole molecular arrangement repetitive after a single lattice period.
It is interesting to analyze the situation when X is divisible by n 0 , as in Figure 4 (b). As in this case 9/ 3 5 3, the three individual threads are related by a threefold axis, and at each level along the helix, three points (or molecules) form a perfect triangle that is then rotated by u 5 2p/X and translated by h 5 X/n 0 along the lattice period. Such a situation occurs in the crystallographic screw axes 4 2 , 6 2 , 6 3 , and 6 4 where the full turn of each screw corresponds to two (for 4 2 , 6 2 , and 6 4 ) or three (for 6 3 ) lattice periods. The neutral 4 2 and chiral 6 2 and 6 4 
screws
Dauter and Jaskolski accommodate also the normal twofold axis and the neutral 6 3 screw contains the normal threefold axis.
The Case of Helical Virus Capsids
Very interesting examples of helical protein packing are provided by two structures of helical viruses, elucidated by electron microscopy, not crystallography, without the involvement of the constraint of periodicity. Their presented structures were, therefore, idealized to form perfectly symmetric helices. The capsid of the tobacco mosaic virus (TMV, PDB ID 4UFT 15 ) is a right-handed helix ( The TMV structure illustrates the existence of a certain degree of flexibility in the connections between successive molecules eventually forming larger aggregates, which is important for the mechanism of helical virus assembly, as vividly explained by Klug. 17 The initial step in the formation of the virus particles is assembling of the protein subunits into symmetric disc structures consisting of a tandem of rings, each made of 17 protomers, with a large hole at the center, reminiscent of two slices of canned pineapple. When the genomic RNA penetrates the disc hole and is bound in the internal crevice between the rings, they break at one point to form a "lock washer" structure (with a "step") that subsequently grows quickly (by stacking of aligned "lock washers") into a helix with 16 1/3 subunits per turn. Obviously, the details of the intersubunit contacts must change, even if only slightly, during this process.
The Dipole Moments of Helical Assemblies
There is a characteristic pattern of the addition of the dipole moments (or any vector properties) in a helical arrangement. The dipole moment of the aggregating unit (molecule) can be decomposed into a component that is parallel to the helix axis and a component perpendicular to it. Upon helical aggregation, all the parallel components add systematically and constructively leading to a large overall dipole moment of the aggregate, exactly in the direction of the helix. If the oligomer is cyclic, then the parallel moment (normal to the plane of aggregation) is also large, but the overall perpendicular moment vanishes completely. The same situation exists in a helical arrangement with integer number of units per turn, u; that is, there is a very strong dipole moment along the helix axis and none perpendicular to it. The argument about vanishing perpendicular moments applies, of course, to the full helical turn as a complete assembly; obviously, there will be measurable local perpendicular dipole moments which may influence the final shape of the helix. If u is not an integer, however, generally there will be some "residual" dipole moment (albeit it could also be negligibly small, of course) after completing each turn, and the final result may be some measurable net effect perpendicular to the helix axis.
Dipole moments lead to electrostatic interactions that may be actually the principal forces responsible for the behavior of long helices in molecular environments. These dipole moments may have either constructive or destructive effects, and, depending on their mutual disposition, may promote or retard the aggregation process itself.
On the Frequency of Space Groups and Screw Axes in Macromolecular Crystals
It has been observed long ago, for example, by Vainshtein and Teplyakov, 18 that certain space groups, of and translational degrees of freedom of a molecule in the unit cell, L is the number of the independent (not constrained) unit cell parameters, and C is the minimum number of unique contacts between molecules that form a connected 3-D network. These results, included in Table II , not only convincingly showed a correlation between space group frequency and the number of degrees of freedom, but also confirmed that the most popular space groups are those with screw axes while the least frequent have only proper rotation axes. The observed propensity for screw axes can be easily explained by considering two pairs of molecules, related either by a twofold axis or by 2 1 screw relation. In the former case, the dimer consists of molecules on the opposite sides of the axis and connected in mutual fashion by symmetry-equivalent sites on their surface. The screw-axis-related pair, however, is not constrained in such a way, and has therefore more freedom to adopt the most effective way of packing in the crystal lattice. This observation may be generalized by stating that to describe a cyclic oligomer, two parameters are necessary: its radius (r) and rotation step (u), whereas the helical or the screw-axis arrangement in addition involves a third parameter, the axial translation step (h), providing more freedom in selecting the most efficient interaction between adjacent molecules.
We have repeated the analysis of W&Y using the contents of the PDB as of Aug 7, 2017 , and the results are shown in Table II and in Supporting Information. Out of the 118232 crystal structures in the PDB, 70711 are unique; that is, remain after the elimination of duplicative cases with the same cell parameters (within 2 Å /28) and the same number of residues in one macromolecule. It should be noted that this criterion is not absolutely precise, and some structures that are not isomorphous but have accidentally similar cell dimensions and chain length may have been overlooked, or, conversely, superfluously included because of different unit cell settings; however, the probability of such cases is small and they are unlikely to seriously bias the final statistics. In one search, only structures with a single monomeric protein molecule in the asymmetric unit were included (ASU1 in Table II) for comparison with W&Y. This analysis encompasses 15298 structures, whereas W&Y used only 245 unique structures available in 1995.
There are no significant changes at the top of the two lists, which are 22 years and over 100,000 PDB entries apart. In 1995, the absolute champion was the space group P2 1 2 1 2 1 with an overwhelming majority of over 36% cases, with P2 1 in the second place (11.1%) and C2 in the third place (6.1%). At present, the top three places are the same, but the population of P2 1 2 1 2 1 has dropped to 19.93% while C2 has noted a small increase (to 8.79%). The champion P2 1 2 1 2 1 is now less than two times more frequent than the trailing P2 1 , not more than three times, as before, but clearly the space group frequencies are very highly correlated with the parameter D of W&Y. Some less significant shuffling is also seen farther down the list, but the preponderance of space groups with screw axes over symmorphic (without translational symmetry elements) ones is still very clear. It is interesting to note that there are no popular space groups with cubic symmetry. Interestingly, the space group P1 is now much less frequent than 22 years ago.
In another screen of the PDB, we removed the ASU 5 1 condition, that is, used all 70711 unique structures ("All unique" in Table II ) regardless of the oligomeric state and the number of molecules in the ASU. The results of our two screens are similar, indicating mostly some quantitative differences in packing preferences for crystal structures with a single or multiple independent protein molecules. The three top positions are the same, with P2 1 having significantly increased frequency, from 10.18% to 16.94%. The rest of the list has roughly the same order in the two screens, with the notable exception of space group P1 (4.92% in "All unique" and 1.25% in ASU1), which shows that crystal structures with one molecule in the ASU disfavor the low triclinic symmetry.
We noticed another striking, albeit not perfect, inverse correlation between the space group frequencies and the number of Wyckoff positions (special plus one general) listed for each space group in Only unique structures ("All unique" columns) were counted, by rejecting (as duplicative) cases where the unit cells were the same within 2 Å and/or 28 for polymers of the same chain length. For comparison with W&Y, 15 also the results for crystals with one monomeric molecule in the asymmetric unit (ASU1 columns) are given. W is the number of the Wyckoff positions and the columns marked W&Y give the number of the rigid-body degrees of freedom (D) and frequencies according to Wukovitz & Yates. 15 The space groups are ordered according to the ASU1 frequency. The complete statistics for all 65 Sohncke space groups is given in Supporting Information, Table I. Volume A of the International Tables for Crystallography. 10 This correlation may be explained by the requirement that in order to avoid overlap, the molecules cannot be positioned in the unit cell too close to the normal axes of rotation, that is, the normal rotation axes cannot pass through asymmetric macromolecules. The presence of normal axes also generates the special Wyckoff positions, with point site symmetry. This restriction does not apply to screw axes which are allowed to pass through molecules, provided that the screw (helical) translation is large enough. The symmorphic space groups are therefore more restrictive in terms of molecular packing possibilities than other space groups.
Conclusions and Open Questions
The observations and thoughts presented in this article are a collection of diverse musing on the subject of helical packing of proteins, rather than a rigorous or exhaustive treatment of the subject. The main observations, derived from the analysis of the PDB structures, are that (i) protein molecules have a surprising preference for helical assemblies, visible far beyond the requirements of strict crystallographic screw axes, and that (ii) such helical arrangements are formed with the conservation of an integer number of subunits per turn. While, strictly speaking, the latter rule is imposed by the periodic character of the crystal lattices wherein such helices have been observed, the frequency with which they occur is a strong argument for some advantage that this kind of packing must bring about. This is indeed puzzling because from sheer geometrical considerations, and in agreement with what is seen in helical virus capsids, one would expect "fractional helices" to be better packed than those with whole numbers of subunits per turn. While the preponderance of helical arrangements in macromolecular structures is at first sight indeed puzzling, we note that such repetitive molecular architectures by definition rely on fewer distinct contact types and are, therefore, more likely to occur, as noted early on by Crick and Watson 20 and other authors. A shortlist of other open problems noted in this analysis may be summarized as follows: What (thermodynamic?) factors favor the formation of such symmetric assemblies? What is the role of water molecules in these structures? Are the phenomena deduced from crystal structures also relevant in solution? Do these properties reflect a trend favored by evolution? If yes, could it be detected in phylogenetic analyses? The list could go on. We hope it will stimulate further interesting analyses of protein/protein interactions, especially in heteromolecular context.
